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Abstract 



This is a continuation of the preceding paper ( [hep-ph /0108219 ). 



First of all we make a brief review of generalized coherent states based on Lie 
algebra su(l,l) and prove that the resolution of unity can be obtained by the cur- 
vature form of some bundle. 

Next for a set of generalized coherent states we define a universal bundle over 
the infinite-dimensional Grassmann manifold and construct the pull-back bundle 
making use of a projector from the parameter space to this Grassmann one. We 
mainly study Chern characters of these bundles. 

Although the Chern characters in the infinite-dimensional case are in general 
not easy to calculate, we can perform them for the special cases. In this paper we 
report our calculations and propose some problems. 
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1 Introduction 



Coherent states or generalized coherent states play very important role in quantum 
physics, in particular, quantum optics, see Q and its references or ||. They also play 
an important one in mathematical physics. See the book ||. For example, they are very 
useful in performing stationary phase approximations to path integral, see [|J , and || . 

This is a continuation of the preceding paper [[7|. Namely, since we have studied 
coherent states from the geometric point of view, we continue to study generalized coherent 
states from the same point of view. For a set of generalized coherent states we can define 
a projector from the manifold consisting of parameters of them to infinite-dimensional 
Grassmann manifold. Making use of this we can calculate several geometric quantities, 
see for example [f|. 

In this paper we mainly focus on Chern characters because they play an very important 
role in global geometry. But their calculations are not so easy. Our calculations are only 
m — 1, 2 (see the section 3). Even the case m = 2 the calculations are very complicated. 
We must leave the case m = 3 to the readers with high powers. 

The hidden aim of this paper and is to apply the results to Quantum Information 
Theory (QIT) including Quantum Computation (QC) • • • a geometric construction of 
QIT. As for QC or QIT see [|], and for general introduction. We are in particular 
interested in Holonomic Quantum Computation, see |12|-||16|| . We are also interested in 



Homodyne Tomography ||17|1 , [lq| or Quantum Cryptgraphy [fL9|[ , pOfl . In sequel papers 
we will discuss these points. 

By the way it seems to the author that our calculations suggest some deep relation to 



recent non-commutative differential geometry or non-commutative field theory, see [21] 
or 



22]. But this is beyond the scope of this paper. 



The author expects strongly that young mathematical physicists or information the- 
orists will enter to this fruitful field. 
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2 Coherent States and Generalized Coherent Ones 
2.1 Coherent States 

We make a brief review of some basic properties of coherent operators within our necessity, 
i and i. 

Let a(a') be the annihilation (creation) operator of the harmonic oscillator. If we set 
N = a^a (: number operator), then 

[N, a f ] = a f , [N, a] = -a , [a f , a] = -1 . (1) 

Let H be a Fock space generated by a and a\ and {|n)| n 6 NU {0}} be its basis. The 
actions of a and a) on TC are given by 

o|n) = \/n\n — 1) , a'\n) = \Jn + l|n + 1) , iV|n) = n|n) (2) 

where |0) is a normalized vacuum (a|0) = and (0 1 0) = 1). From (0) state \n) for n > 1 
are given by 

In) = MflO) • (3) 



These states satisfy the orthogonality and completeness conditions 

oo 

(m\n) = 5 mn , 5^|n)(n| = l. (4) 

n=0 

Let us state coherent states. For the normalized state \z) G 7i for z G C the following 
three conditions are equivalent : 

(i) a\z) = z\z) and (z\z) = 1 (5) 

oo n 

(ii) | 2 ) = e -^ 2 / 2 ^^|n) =e-l z l 2 /V at |0) (6) 

n=o v n! 

(hi) |«) = e zat ~ Sa \0). (7) 

In the process from @ to (0) we use the famous elementary Baker-Campbell-Hausdorff 
formula 

e A + B = e -hlAB] e A e B , 8) 



whenever [A, [A, B]} = [B, [A, B}] = 0, see [[TJ or ||. This is the key formula. 
Definition The state \z) that satisfies one of (i) or (ii) or (iii) above is called the coherent 
state. 

The important feature of coherent states is the following partition (resolution) of unity. 

[d 2 z] 

\Z)\Z\ = 

n=0 

where we have put [d 2 z] = d(Rez)d(lmz) for simplicity. We note that 



f [ ^\z)(z\ = ±\n)(n\ = l, (9) 

7C 7T n 



(z\ w ) = e -h*\ 2 ~>\ 2 +™ \( z \ w )\ = e ~^ z ~ w I 2 , (w\z) = (z\w), (10) 

so < 1 if z ^ w and |(z|u>)| «C 1 if z and w are separated enough. We will use this 

fact in the following. 
Since the operator 

U{z) = e zat -~ za for zeC (11) 

is unitary, we call this a (unitary) coherent operator. For these operators the following 
properties are crucial. For z, w E C 

U{z)U{w) = e z ™- 2w U{w)U{z), (12) 
U{z + w)= e-^**-*") U{z)U{w). (13) 

2.2 Generalized Coherent States 

Next we make a brief review of some basic properties of generalized coherent operators 
based on su(l, 1), see or ||. 

We consider a spin K (> 0) representation of su(l, 1) C s/(2, C) and set its generators 
{K + ,K_,K 3 } ((K + y = K_), 

[K 3 , K + ] = K + , [K 3 , K_] = -K_, [K+, K_] = -2K 3 . (14) 

We note that this (unitary) representation is necessarily infinite dimensional. The Fock 
space on which {K + , K_, K 3 } act is Hk = {\K, n) \n G N U {0}} and whose actions are 



K+\K,n) = J(n+l)(2K + n)\K,n + l), 



K-\K,n) = yJn(2K + n-l)\K,n-l), 

K 3 \K,n) = (K + n)\K,n), (15) 

where \K, 0) is a normalized vacuum (K_\K, 0) = and (K, 0\K, 0) = 1). We have written 
\K, 0) instead of |0) to emphasize the spin K representation, see ||. We also denote by 



Ik the unit operator on Hk- From (|i5|) , states \K,n) are given by 



\K,n)= l K+r |K,0), (16) 

where (a) n is the Pochammer's notation (a) n = a(a + 1) • • • (a + n — 1). These states 
satisfy the orthogonality and completeness conditions 

oo 

(K,m\K,n) = 5 mn , J2\K,n)(K,n\ = 1 K . (17) 

n=0 

Now let us consider a generalized version of coherent states : 
Definition We call a state 



) = e wK +-™ K -\K, 0) for u> G C. 



\w 

the generalized coherent state (or the coherent state of Perelomov's type based on su(l, 1) 
in our terminology, [f25[|). 

We note that this is the extension of (|7|) not (|5|), see ||. For this the following disentangling 
formula is well-known : 

e wK+-wK. _ e CK +e log(l-|C| 2 )^3 e -C^- Qr 

= e -^- e -iog(i-|CI 2 )^ e C^ + . ( 19 ) 

where 

= s !! >tanh|M) (=9 , , , < 1} (20) 

\w\ 

This is the key formula for generalized coherent operators. Therefore from flI5D 

| W ) = (1-| C | 2 )V+|K,0) = |C). (21) 
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This corresponds to the right hand side of (0). Moreover since 



n=0 n - n=0 V n - J{2K) n n\ n=0 V H - 



we have 



H = (1 - |C| Y £ \F^C\K, n) = |C). (22) 



n=0 ' n - 



This corresponds to the left hand side of @. Then the partition of unity corresponding 
to © is 

2K-1 tanh(\w\)[d 2 w] , .. 

\w){w\ 



I ^7T^Wl««l = t\K,n)(K M - 1 K , (23) 



'c vr (l _ tanh 2 (H)) \w\ 

* (i-Kh 

where C — > D : w \—> ( = ((w) and D is the Poincare disk in C, see |2c 

Here let us construct the spin if-representations making use of Schwinger's boson 
method. 
First we set 

K + = \ (a^ , K. = \a 2 , K 3 = i (Va + ~) , (24) 

then we have 

[tf 3 , #+] = K + , [tf 3 , K_] = -K_ , [K + , K_\ = -2K 3 . (25) 

That is, the set {K + , K_, K 3 } gives a unitary representation of su(l, 1) with spin K = 
1/4 and 3/4. Now we also call an operator 

S( w ) = e iM at ) 2 -^ 2 } for io e C (26) 

the squeezed operator. 

Next we consider the system of two-harmonic oscillators. If we set 

ax = a ® 1, ai' = <g> 1; a 2 = 1 <8> a, a 2 ^ = 1 ® tr, (27) 

then it is easy to see 

[Oi, Oj] = [a^a/] = 0, [a i; a/] = z,j = 1,2. (28) 
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We also denote by Ni = a^ai number operators. 

Now we can construct representation of Lie algebras su(2) and su(l,l) making use of 
Schwinger's boson method, see 0,0. Namely if we set 

t(2) : J + = a^a 2 , J- = a 2 ^ai, J 3 = - (a^ai - a 2 + a 2 ") , (29) 



su[ 



su 



2 

(1, 1) : K + = a 1 t a 2 t , K_ = a 2 a 1 , K 3 = - \ a^a\ + aja 2 + l) , (30) 



then we have 

su{2) : [J 3 , J+] = J + , [J 3 , J A = -J-, [J+, J-} = 2J 3 , (31) 

su(l, 1) : [K 3 , K+] = K+, [K 3 , K_) = -K-, [K + , K-] = -2K 3 . (32) 

In the following we define (unitary) generalized coherent operators based on Lie alge- 
bras sit (2) and su(l, 1). 
Definition We set 

su{2) : W{w) = e wJ+ ~ iI,J - for w G C, (33) 

su(l, 1) : V(w) = e wK +-™ K - for w G C. (34) 

For the latter convenience let us list well-known disentangling formulas once more. We 
have 

«i(2): W(w) = e^e l < 1+ ^e^ J -, where V = gMM) , (35) 

sit(l,l): V(w) = et K +e i < 1 -M 2 ) K3 e-t K -, where {= wtanh (l w D . ( 36 ) 

\w\ 



As for a generalization of these formulas see |25 . Before ending this section let us ask a 
question. 



What is a relation between ( |3~4"D and fl26|) of generalized coherent operators based on 
su(l.l) ? 

The answer is given by Paris |H| : 



Formula We have 



Wi-^S^S.i-wWi—)- 1 = V(w), (37) 



where Sj(w) = with dj instead of a. 

Namely, V(w) is given by "rotating" the product S , i(w)S , 2 (— w) by W(— |). This is an 
interesting relation. 

2.3 Some Formulas on Generalized Coherent States 

We make some preliminaries for the following section. For that we list some useful formulas 
on generalized coherent states. Since the proofs are not so difficult, we leave them to the 
readers. 

Formulas For Wi,W2 we have 

, v f (l-|Ci| 2 )(l-IC2p) l"' ,,„> 

(ii) (w 1 \K + \w 2 ) = (u;i|w 2 )- — , (39) 

1 — S>l<->2 

(iii) (wilK-^) = (wtlws)- ^— , (40) 

(iv) (toi w 2 ) = (tui w 2 >— 7- -Tg • (41) 

(1 - C1C2) 2 



where 



= ^(1^1) for , = 1, 2 . (42) 
TO I 



When w x = w 2 = w, then = 1, so we have 



H^4» = 2 ^ C 2 , (wlAT-lw) 2K ^ a , (43) 

1- ici 2 i-ici 

h*-*» - 2k+4k : ic|2 . (44) 

(l-ICI 2 ) 2 



Here let us make a comment. From (B8] 

|(wi|w 2 )| 



2 f (i-Ki| 2 )(i-|C2| 2 ) ) 2X 

"I I1-OC2I 2 J 
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so we want to know the property of 

(i-Ki| 2 )(i-|C 2 | 2 ) 



I1-C1C2I 2 



It is easy to see that 



l _a^K i m^m = ^l>o (45) 
U-0C21 11-C1C2I 



and fl45|) = if and only if (iff) Ci = C2- Therefore 



Wl^l ^^ f <1 (46) 



11-CiC: 

because 2K > 1 (2K - 1 > from (f23|)). Of course 



(wi|w 2 )| = l iff Ci = C2 iff w 1 = w 2 . (47) 



by 



2.4 A Supplement on Generalized Coherent States 

Before ending this section let us make a brief comment on generalized coherent states 
(|T%|). The coherent states \z) has been defined by (|5|) : a\z) — z\z). Why do we define the 
generalized coherent states \w) as K~\w) = w\w) because is an annihilation operator 
corresponding to a ? First let us try to calculate K-\w) making use of (pT|). 



K_\w) = (1 - |C| 2 )^-e cx+ |K,0) = (1 - |C| 2 ) x e cx +e- cx+ K_e cx +|K,0). 
Here it is easy to see 

e -CK +K _ e CK + = £ [- CK+ , [-(K + , [,-.., [-(K + , K_] • • •]]] 

n=0 n - 

= K_ + 2(K 3 + ( 2 K + , 
from the relations (14), so that 



K-\w) = (1 - \(\ 2 ) K e< K +(K^ + 2(K 3 + ( 2 K + )\K, 0) 

= 2(K(1 - \(\ 2 ) K e^\K,0)+( 2 K + (l - \(\ 2 ) K e^\K,0) 

= (2KC + C 2 K + )\w) (48 



because K_\K, 0) = 0. Namely we have the equation 

(K„-( 2 K + )\w) = 2K(\w), where ( = wtan ^\ w \\ (49) 
or more symmetrically 

(C 1 K--(K + )\w) = 2K\w), where C = Wta ^j H) . (50) 

This equation is completely different from (||). 

A comment is in order. The states \ \w)) (w G C) defined by 

K-\\w)) = w\\w)) (51) 

are called the Barut-Girardello coherent states, [E(J . The solution is given by 



IH) = E / — \K,n) (52) 
up to the normalization factor. Compare this with (E^). 

Their states have several interesting structures, but we don't consider them in this paper. 



See p?|, |28[ and |29[ as to further developments and applications. 



3 Universal Bundles and Chern Characters 

We make a brief review of some basic properties of pull-backed ones of universal bundles 
over the infinite-dimensional Grassmann manifolds and Chern characters, see ||. 
Let H be a separable Hilbert space over C. For m G N, we set 

St m (H) = {V = (ui,...,u m ) G H x ••■ x H | V ] V e GL(m-C)} . (53) 

This is called a (universal) Stiefel manifold. Note that the unitary group U(m) acts on 
St m (TC) from the right : 

St m (H) x U(m) — ► St m (H) : (V, a) i — »• Va . (54) 



Next we define a (universal) Grassmann manifold 

Gr m (H) = {Xe M(H) | X 2 = X, X f = X and tvX = m} , (55) 

where M(7i) denotes a space of all bounded linear operators on 7i. Then we have a 
projection 

vr : St m (H) — Gr m (W) , tt(V) = V^VyW , (56) 

compatible with the action O (7r(Va) = Va{a~ 1 (V t V)" 1 a}(^a) t = ir(V)). 
Now the set 

{C/(m),^ m (W),7r,Gr m (W)} , (57) 
is called a (universal) principal U{m) bundle, see f| and pJ| . We set 



£ m (ft) = {(X, u) G Gr m (ft) xW|Ii; = t)} . (58) 
Then we have also a projection 

vr : £ m (W) — > Gr m (H) , tt((X, v)) = X . (59) 

The set 

{C m ,E m (H),7c,Gr m (H)} , (60) 

is called a (universal) ra-th vector bundle. This vector bundle is one associated with the 
principal U{m) bundle (|57|) . 

Next let Ai be a finite or infinite dimensional differentiable manifold and the map 

P : -M — > Gr m (H) (61) 

be given (called a projector). Using this P we can make the bundles fl5"T|) and (B^) pullback 
over .M : 

{f/(m),5t,7r^,A<} = P*{f/(m),5t m (H),7r,Gr m (H)} , (62) 
{c m ,E,7r s ,M} = P* {C m ,E m (H),7r,Gr m (n)} , (63) 
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U(m) 



U(m) 



St 



St m (H) 



E 



E m {H) 



M 



Gr m {H) 



M 



Gr m {H) 



see |§. (|63|) is of course a vector bundle associated with (|62|). 
For this bundle the (global) curvature (2-) form Q is given by 

Q = PdP A dP 



(64) 



making use of (|61~D, where d is the usual differential form on f2. For the bundles Chern 
characters play an essential role in several geometric properties. In this case Chern char- 
acters are given by 

n, n 2 , vr' 2 - n 2 = riAn, etc, (65) 

where we have assumed that m = dinuM is even. In this paper we don't take the trace 
of (|65|), so it may be better to call them densities for Chern characters. 

To calculate these quantities in infinite-dimensional cases is not so easy. In the next 
section let us calculate these ones in the special cases. 

We now define our projectors for the latter aim. In the following 7i = 1~Lk- For 
Wi, u>2, • • • , w m G C we consider a set of generalized coherent states {\wi) , \ w 2 ) , ■ ■ ■ , \ w m )} 
and set 

V m {w) = (|u>i), \w 2 ), • • ■ , \w m )) = V m (66) 
where w = (wi, w 2 , ■ ■ ■ , w m ). Since VmV m = ((wi\wj)) G M(m, C), we define 



V m = {w G C m | det(VjV m ) ^ 0}. 



(67) 



For example VjVi = 1 for m — 1, and for m = 2 



det{V 2 *V 2 ) 



1 a 
a 1 



1 - \a\ 2 > 
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where a = (wi\w2). So from P7|) we have 

T>\ = {w G C | no conditions} = C, (68) 
V 2 = {(w h w 2 ) G C 2 | wi ^ w 2 }- (69) 

For P TO (m > 3) it is not easy for us to give a simple condition like (|6~9"|). At any rate 
V m G St m (TC) for w G D m . Now let us define our projector P as follows : 

P:V m ^ Gr m {H) , P(w) = V m (V^ V m )~ . (70) 

In the following we set V = V m for simplicity. Let us calculate (|64|). Since 

dp = v(y ] vy l dv ] {i - v(y ] vy l v^} + {i - F(y t \/)-V t }d^(v rt \/)-V t (71) 

where d = Y™ =1 (dwj£- + dwj^-), we have 

PdP = ViV^V^dV^l - V{V ] V)- l V^} 
after some calculation. Therefore we obtain 

PdP AdP = v(y ] vy l [dv ] {i - v{v^vy l v^}dv\{v ] vy l v^ . (72) 

Our main calculation is dV^l — V(V' f V)~ 1 V Ji }dV , which is rewritten as 

dv^{i - v{v^vy x v^}dv = [{1 - v(y ] vy l v ] }dv] ] [{1 - v(y ] vy l v^}dv] (73) 

since Q = 1 — V{VWy l V^ is also a projector (Q 2 = Q and = Q). Therefore the first 
step for us is to calculate the term 

{1 - V(V ] Vy l V ] }dV . (74) 

Let us summarize our process of calculations : 

1- st step {1 - V{V^Vy l V ] }dV ■ ■ ■ (74), 

2- nd step dV ] {l - V(V *V)~ W^}dV ■ ■ ■ flTJ), 

3- rd step v^vy^dv^i-v^vyW^dv^vy^ ••■(0). 
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4 Calculations of Chern Characters 

In this section we calculate the Chern characters only for the cases m — 1 and m — 2. 
Even for m = 2 the calculation is complicated enough. For m > 3 calculations may 
become miserable. 

4.1 M=l 

In this case (w\w) = 1, so our projector is very simple to be 

P( w ) = \w)(w\. (75) 



In this case the calculation of curvature is relatively simple. From ([72]) we have 

PdPAdP= \w){d(w\(l K - \w)(w\)d\w)}(w\ = \w)(w\{d(w\(l K - \w)(w\)d\w)}, (76) 

where d = dw£ + dw^. Since \w) = (1 - \(\ 2 ) K exp((K + )\K, 0) by @, 

d\w) = {d(K + + Kdlog(l - |C| 2 )} \w) (77) 

by some calculation, so that 

(1 K - \w)(w\)d\w) = (1 K - \w)(w\)K + \w)d( = (K + - (w\K+\w))\w)d( 

= (k + - d(\w) (78) 

because (Ik — \w)(w\)\w) = 0. Similarly we have 

d(w\(l K - \w)(w\) = (w\ (k- - dC (79) 

Now we are in a position to determine the curvature form (ITS]). 



d(w\(lK — \w)(w\)d\w) 

i-IClV V l-ICI 



H(/f--r^ K + - \w)d( A d( 



l(w\K_K + \w) - 2K( \ (w\K\w) - 2K< * J w\K + \w) + AK ^[ \d(Ad( 

r 1 +l ; 1-ici 2 i-icr (l-ICI 2 ) 2 / 

^d( A rfC (80) 

(l-ICI 2 ) 2 
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after some algebra with (4~3) and (H). Therefore 



£l = PdPAdP = \w)(w 



From this result we know 

ft 2K d& A d( 2 



2m 



« (i-icr 



2i^C A d( 

(i-ICI 2 ) 2 ' 

2K dCi A dC 2 
~(i-KI 2 ) 2 



ICXCI 



by ( pip when C = Ci + \/~TC2- If we define a constant 

2K- 1 



C 



K 



2K 



then we have 



C 



K ' 



(81) 



2m vr (1-ICn 2 
This gives the resolution of unity in (^). But the situation is a bit different from 

which the constant corresponding to Ck is just one. 



(82) 

(83) 
m 



Problem What is a (deep) meaning of Ck 



4.2 M=2 ■ • • Main Result 



First of all let us determine the projector. Since V = \w 2 )) we have easily 



P(w u w 2 ) = (K), \w 2 )) 



(wi\w 2 ) 



( 



(w 2 |wi) 



1 



1 - \{w x \w 2 )\ 

1 

1 - l(wllw 2 )l 5 



2"(kl), \w 2 }) 



V M 

1 -(wi\w 2 ) \ ( (wi\ 
\ -(w 2 \wx) 1 J \ (w 2 \ 

Qw^iwil - (w 2 \w 1 )\w 2 )(w 1 \ - (w 1 \w2)\w 1 )(w 2 \ + \w 2 ){w 2 \) . 

(84) 



Let us calculate ([74] ) : Since 

dV = (d\wi), d\w 2 }) 

= ({ddK + + Mog(l - |Ci| 2 )} \wx), {d( 2 K + + Kd\og(l - K2I 2 )} \w 2 
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by ( |77| ) where d = Y%=i [dwjjj^ + dWj-^-j, the long but straightforward calculation 
leads to 

{1 K - V^Vy'V^dV = (G 1: G 2 ) (85) 

where 

c f (k 2K ^ 2 ) 2K Ci - G ) dC . ) 

l-|( Wl |«; 2 )| 2 (l-|Ci| 2 )(l-C2Ci) 

G 2 = 2KW 2 2 W 

i-K Wl K)| 2 (i-CiC 2 )(i-|C 2 | 2 ) 

H i-CiCj i-i^ik 2 )i 2 (i-ic 2 | 2 )(i-CiC 2 )J 1 ; 1 ; 



Therefore by (|75|) 

dy + {i A --y(vV)- 1 y + }tiv 

where 



y -P21 F 22 



(87) 



11 (i-ICil 2 ) 2 1 i-IHWI 3 I1-C1C2I 2 J 
Fl2 ~ (T^F I 1- I^Wf (i - |G| 2 )(i - IC 2 | 2 ) ) " Cl " C2 



2K( W2 | Wl ) r 1 2iriCi-c 2 



2 



(i - C2C1) 2 I i-|KK)| 2 (i-|Ci| 2 )(i-|C 2 | 2 )J 
F 2K U K^K)1 2 2K \Ci-C2? \ - 



Now we are in a position to determine the curvature form (ff2|) . Since 



^O^) -1 = 1 _ |(w 1 i|w2)|2 (ki) - (ttfaki) W, k 2 ) - (ttfiWW), 
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w ^)\ 2 \ (w 2 \ - (w^wiM 



we obtain after some algebra 
Ct = PdP A dP 

= V7~~\ — 7777? {\wi){wi\Li - {w 2 \wi)\w 2 ){w 1 \L2 - {wi\w 2 )\wi)(w 2 \L z + \w 2 ){w 2 \L A ) , 

(1 - |(tui|tu 2 )rr 

(89) 

where 

L - 2K fl l(WlK)|2 2KlCl - (2l2 )dC ^dC 

1 (i-ICil 2 ) 2 I i-|(^iK)l 2 I1-6C2I 2 J 

2K|( Wl | W2 )| 2 f 1 2K\d - C2I 2 1 „ 

(1-C2C1) 2 I i-|( Wl K)l 2 (i-ICil 2 )(i-|C 2 | 2 )J 

,2 ^ 



2ir|( Wl | W2 )i 2 r 1 2KK1-C2I 



(1-C1C2) 2 I i-|( Wl k 2 )| 2 (i-|Ci| 2 )(i-|C 2 | 2 ) 



i2 



+ ^iw^>i a r 1 _ 2^i Cl -c ai , d&AdCa> 

(1-IC2I 2 ) 2 I i-|(^iK)l 2 I1-C1C2I 2 J 



f |( Wl | W2 )| 2 2if|c 1 -C 2 | 2 ) A „ 
1 ~~ ; — d — i — m — : — - ; ,2 r "si A «u 



~ (1-IC1I 2 ) 2 I i-|(^ik 2 )| 2 I1-C1C2 

2K f 1 2ir|Ci-C: 

~ (1-C2C1) 2 I i-|( Wl K)| 2 (i-|Ci| 2 )(i-|C 2 | 

2K\{ Wl \w 2 )\ 2 j 1 2gG - 

t . >. « \ -L . . o . .0.. 



1 - ; — - — ; — T7i- — 7777177, — 777K r ^ 2 A d ^ 

d(i A d( 2 



(1-C1C2) 2 I i-K Wl K)| 2 (i-|Ci| 2 )(i-|C2| 2 ) 

(I-IC2I ) 2 I l-|(u>i|w 2 )| I-C1C2 



l - 2K fi 2 ^-^i 2 ]^ Ad(r 

3 (1-IC1I 2 ) 2 I i-|(™iK)l 2 I1-C1C2I 2 / 



2x|( Wl | W2 )i 2 [ 1 1 2x|Ci-c 2 



1 - - r — — — j^j d( 2 A f/Ci 

dCi A d( 2 



(1-C2C1) 2 I i-|( Wl K)| 2 (i-|Ci| 2 )(i-|C 2 | 
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2K ( 1 2i^|Ci-C:' 2 



(I-C1C2) 2 I l-|( Wl K)| 2 (l-|Ci| 2 )(l-|C 2 | 2 ); 
+ 7\ 1 1 ~ 1 — 1/ — i — \|2TI — 7 a i 2 f d ^ 2 A d ^ 2 ' 

(1-IC2I ) 2 I I1-C1C2I J 
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2ir|( Wl K)| 2 f i 1 2JT|Ci ~ C2I 2 ) j7 . »> 

T2 7; — 1> [277; — 772T r ^ A ^ 



(1-C2CO 2 1 i-iKK)i 2 (i-icir)(i-k2i : 

2ir|( Wl |«; 2 )| 2 / 1 1 2iT|Ci-C2 



(1-C1C2) 2 l i-|KK)| 2 (i-|Ci| 2 )(i-|C 2 | 2 ) 



o?Ci A d( 2 



+ 7i — i7727il 1 — 1/ — 1 — — 2 > «s2 A d£ 2 . (9U) 
(1 - |Ca| ) 2 I 1 - \(wi\w 2 )\ [1 — C1C2I J 



This is our main result. Next let us calculate Q 2 (Q k = for k > 3) : From fl89|) we 
obtain after long calculation 

Q2 = n 1/ n U2u (kOWlMi - (tw 2 |tWi)|tw 2 )(twi|M 2 - (wi|w 2 ) N)MM 3 + |w 2 )(w 2 |M 4 ) 

(1- |(wi|w 2 )| 2 ) 4 

x rfCi A d(i A c?C 2 A d( 2 , (91) 
where 

AK 2 \( Wl \w 2 )\ 2 



Mi 



(1 - idr) 2 (i - ic 2 r) 2 ii - C1C2I 

{2|i - CiC 2 | 4 (i - K^K>| 2 ) - (i - ICi| 2 ) 2 (i - IC 2 | 2 ) 2 (i - IKK)! 4 )} 

-2 {2|1 - CiC2| 2 |(^ik 2 )| 2 - (1 - Ki| 2 )(l - |C 2 | 2 )(1 + \(w 1 \w 2 )\ 2 )}2K\C 1 - C. 



|2 



-(l + 2|(«; 1 |«; 2 )| 2 )4K 2 |Ci-C ; 



Mo = 



(i-Ki| 2 ) 2 (i-|C 2 | 2 ) 2 |i-CiC2| 4 



2 



{|1 - CiC 2 | 4 (i - IKK>| 4 ) - 2(1 - Ki| 2 ) 2 (i - |C2| 2 ) 2 |(^ik2)| 2 (i - IKK)I 2 )} 

-2 {|i - CiC 2 | 2 |Kk 2 )| 2 (i + \(w 1 \w 2 )\ 2 ) - 2(1 - |d| 2 )(i - |C 2 | 2 )|(«;iK>l 2 }2K|Ci - C2 

-|^ 1 | W2 )| 2 (2 + |( Wl K)| 2 )4K 2 |c 1 -C 2 | 4 ], 



M 3 = M 2 , and M 4 M : . (92) 
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This is a second main result in this paper. 

We have calculated the Chern characters for m — 2. Since our results are in a certain 
sense "raw" (remember that we have not taken the trace), one can freely "cook" them. 
We leave it to the readers. 



4.3 Problems 

Before concluding this section let us propose problems. 

Problem 3 For the case of m = 3 perform the similar calculations ! 

We want to calculate them up to this case. Therefore let us give an explicit form to the 
projector : 





( 1 


(w 1 \w 2 ) 


(wi\w 3 ) ^ 


7 M " 


P(w 1 ,w 2 ,w 3 ) = (\wi), \w 2 ), \w 3 )) 


{w 2 \w 1 ) 


1 


(w 2 \w 3 ) 


(w 2 \ 




\ (W3\wi) 


(w 3 \w 2 ) 


1 J 


V M ) 



1 



detM 



[ {1 - |(w 2 k 3 )| 2 }|u>i)(u>i| - {(wi\w 2 ) - {wi\w 3 ){w 3 \w 2 )}\wi){w 2 \ 



-{{wi\w 3 ) - (wi\w 2 ){w 2 \w 3 )}\wi){w 3 \ - {{w 2 \wi) - (w 2 \w3){w 3 \w 1 )}\w 2 ){w 1 \ 

+ {1 - \(wi\w 3 )\ 2 }\w 2 )(w 2 \ - {(W 2 \W 3 ) - (W2\wi){w 1 \w 3 )}\w2){w 3 \ 

-{(w 3 \wi) - (w 3 \w 2 )(w 2 \w 1 )}\w 3 )(w 1 \ - {(w 3 \w 2 ) - (w 3 \w 1 )(w 1 \w 2 )}\w 3 )(w 2 \ 
+{^-\Mw2)\ 2 }\w 3 )(w 3 \ ], (93) 



where 



detM = 1 - |(wi|w 2 )| 2 - \ (w 2 \w 3 )\ 2 - |(wi|w 3 )| 2 

+ (wi\w 2 ) (w 2 \w 3 ) (w 3 \wi) + (wi\w 3 )(w 3 \w 2 )(w 2 \wi). 

Perform the calculations of f2, and ft 3 . Moreover 

Problem oo For the general case perform the similar calculations (if possible). 
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It seems to the author that the calculations in the general case are very hard. 



5 Further Problem 

In this paper we treated generalized coherent states based on su(l, 1) (|3 

\w) = exp(wK + — wKJ)\K, 0) for w G C 

and calculated the Chern characters for m — 1, 2. 
But we didn't treat generalized coherent states based on su{2) ( p3|) 



\v) = exp(vJ + - vJ-)\J, 0) for tisCc CP 1 . 

See 0] or ||. In this case the parameter space is S 2 = CP 1 for m — 1 (a compact 
manifold). To calculate the Chern characters for m = 1, 2 is very interesting problem. 
We leave them to keen graduate students. 

It seems to the author that this caluculation will be deeply related to the recent non- 
commutative field theory, see for example PT| or [E2J and their references. 



6 Discussion 

We have calculated Chern characters for pull-back bundles on T>i and T> 2 which are based 
on generalized coherent states and suggested a relation to some non-commutative field 
theory (differential geometry). 

On the other hand one of aims of this paper and is to apply the results to Quantum 
Information Theory including Quantum Computation or Quantum Cryptgraphy. The 
study is under progress. In the forthcoming paper we would like to discuss this point. 
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